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Abstract Novel structures in vehicle control-by-wire
chassis have re-emphasized the problem of wheel
shimmy. Proper suppression of shimmy in the indepen-
dent wheel subsystemswould significantly improve the
performance of the steer-by-wire control. In this paper,
a wheel shimmy suppression method using a nonlinear
energy sink (NES) is proposed. Compared with tradi-
tionalmethods of increasing steeringdamping, theNES
seldom interferes with the designed steering dynamics
of the vehicle due to its particularly small mass and vol-
ume, thus reserving availability for in-service or after-
designed vehicles. By installing the NES in the wheel
frame, a single towed wheel model with NES is con-
structed. Although the NES has almost no effect on
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the linear stability characteristics, an excellent effect
on suppressing vibration amplitudes is explored where
over 90% oscillation amplitude of shimmy is mitigated
by the NES within a wide range of reasonable parame-
ters. Parameter optimization for theNESglobal dynam-
ics is performed to handle the speed-dependent nature
of shimmy, and the result highlights its effectiveness
and parameter robustness. Integration of the single-
wheel model into the full vehicle with independent
steering structures summarizes that the NES could be
a favorable way to both suppress the existing shimmy
phenomenon and control the coupled lateral oscilla-
tions of the vehicle body.

Keywords Wheel shimmy · Self-excited vibrations ·
Nonlinear energy sink · Vibration suppression ·
Parametric optimization

1 Introduction

Advanced vehicle chassis is employing novel unsprung
structures for better maneuverability and controllabil-
ity, such as full-by-wire chassis [1] and independent in-
wheel-motor (I-W-M)powertrain.Meanwhile, this also
poses new challenges to the dynamic stability of each
independentwheelwith elastic tires [2,3],wherewithin
the upcoming problems, wheel shimmy becomes the
primary vibration issue to be settled. Since the 1950s,
the problem of shimmy in the classical vehicle steering
column [4] and landing gears of aircraft [5] has received
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wide attention, where researchers have generally con-
cluded that shimmy is a typical nonlinear self-excited
vibration induced mainly by the elastic tire proper-
ties and potential structural modal coupling [6,7]. It
happens at a certain speed range with the appearance
of supercritical Hopf bifurcations leading to the peri-
odic oscillations of the wheel [8]. During shimmy, the
kinetic energy of the forwarding speed,which is usually
constrained as constant in dynamic models, is trans-
ferred to the oscillatory motion of shimmy. Shimmy
appears as stable oscillations, which can have seri-
ous consequences when coupling with other vibration
modes of the system; this effect is illustrated in [9,10],
referring to vehicle lateral yawing or pitching, and in
[11], regarding aircraft swaying and potential related
accidents.

Shimmy problems are already dealt with in clas-
sical vehicles that are equipped with steering linkage
or tie-rod connection in the early stages of the design
and development of the steering system. By properly
designing the structural parameters such as length or
angles, and increasing the damping or stiffness within
the steering column [12], the shimmy can be effectively
prevented when coming into production. Nevertheless,
shimmy could still reappear after a long mileage of ser-
vices resulting from increased clearance of the steer-
ing rod [13], dry frictions [14], and loss of damping
[15]. In advanced by-wire chassis, with the incorpora-
tion of novel unsprung structures and In-Wheel-Motor
drive, each wheel subsystem forms up an individual
domain with steering, driving torque, and suspension
controlled locally to the high-level by-wire signals,
thus making no mechanical connections between each
other. Shimmy emerges from the weakened mechan-
ical connection and the changed structural stability
properties, and it is even harder to prevent by directly
modifying the steer-by-wire control since its small and
high-frequency characteristics carry different physical
tasks. Generally, a tradeoff has to be made between the
increase in subsystem mass and the decreased high-
speed stability.

Recently, the utilization of active control methods
to suppress wheel shimmy was proposed in the litera-
ture [16–18] and proved effective; however, it requires
an extra actuator and control unit leading to difficulties
in practical applications. The authors have also been
engagingwith such shimmyproblems, and based on the
acknowledgment of the successful applications of non-
linear energy sinks (NESs), the authors consider that

it might be a good solution to suppress those shimmy
problems for either developing vehicles or in-service
vehicles, and these motivate the present study here.

An NES is a particular type of dynamic vibration
absorber (DVA) consisting of a small mass attached
to the main structure through a viscoelastic element.
Unlike typical DVAs, which rely on a linear modal
interaction with the primary system, the NES exploits
a nonlinear restoring force to generate an amplitude-
dependent natural frequency. This enables the NES to
resonate in a broad frequency band, differently from
classicalDVA,whichworks only at a specific frequency
[19,20]. In the last 20 years, the NES received grow-
ing attention from the scientific community, leading to
many different designs [21]. These include the vibro-
impact NES [22] (either double- or single-sided [23]),
the rotary NES [24], the rotary-impact NES [25], the
inerter-enhanced NES [26], the track NES [27], the
bistable NES [28], the piecewise NES [29], the peri-
odically extended NES [30], the softening NES [31],
the unsymmetrical force NES [32] to name a few. In
its classical design, the NES works fully passively and
consists of a lightweight mass connected to the primary
structure through a linear damper and a cubic spring
[33]. Although alternative designs have better perfor-
mance than the basic one, in this study, the basic NES
design, with a single cubic spring, is considered. The
reasons for this choice are the following: (i) the classi-
cal NES design provides more general results, which is
convenient for a preliminary study as the present one;
(ii) exotic designs are generally hard to be realized in
practice [30]; (iii) vibro-impact NESs have a relatively
simple design [34], but they are not a feasible option
because of the generated noise. Accordingly, for the
sake of simplicity, the authors adopt an ungrounded
NES with a linear damper and a purely cubic spring.

The NES was implemented to mitigate impulsive
[31,35], forced [36], self-excited [37,38], or parametric
vibrations [39] in various applications, including aeroe-
lastic instabilities [40], machine tool vibrations [38],
seismic vibrations [41], to name a few. These studies
exhibited promising results but also some limitations.
In particular, differently from a linear DVA, the NES
modifies the underlying linear system only marginally,
making it ineffective for completely suppressing self-
excited oscillations by enlarging the stability of equilib-
rium points [42,43]. Nevertheless, the NES can trigger
quasi-periodic stronglymodulated response withmuch
lower amplitude than limit cycle oscillations (LCOs) of
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the same system without NES, thus mitigating vibra-
tions [37].

The idea of utilizing a DVA for suppressing shimmy
instabilities is not novel; however, it is the first time that
a DVA is employed in the wheel subsystem and the full
body of typical grounded vehicles. In [44], a nonlinear
tuned vibration absorber was implemented on a towed
wheel. The consideredDVAhada linear and anonlinear
restoring force and exhibited excellent performance.
However, in that study, practical considerations about
the size and required stroke of the absorber mass are
omitted. In [45], the performance of an NES for miti-
gating shimmy oscillations of an aircraft landing gear
was assessed. Results illustrate the efficiency of the
NES, although potentially detrimental bistable behav-
ior was also identified. Similar results were obtained
in [46,47], utilizing a torsional NES also in an aircraft
landing gear.

In this paper, the authors consider the feasible appli-
cation ofNES in a passenger vehicle to improvemotion
stability. Firstly, a single-wheel model is newly pro-
posed to suit the requirement of a realistic and practical
unsprung wheel system of vehicles. The effect of NES
on linear stability and nonlinear dynamical behavior,
especially regarding the oscillation amplitude and fre-
quency, are discussed. Global parameter optimization
is proposed to identify the best parameter set that min-
imizes the unstable speed range. Problems relative to
robustness and multi-stability are also discussed, and
in two new types of unsprung wheel systems, the effec-
tiveness of the NES is verified. The key contributions
of the paper are listed:

(1) based on the preceding success of NES in suppress-
ing self-excited vibrations, the authors present a
feasible way to passively control wheel shimmy
by incorporating a lightweight NES structure into
the advanced by-wire chassis of passenger vehi-
cles, which, according to the authors’ knowledge,
was never proposed before.

(2) through the dynamic analysis of shimmy systems
withNES, the authors conclude that an ungrounded
NESstructure is capable of suppressing the shimmy
amplitude and mitigating the energy to a highly
desired extent; meanwhile, the performance and
robustness w.r.t the parametric uncertainties are
examined and considered satisfying.

(3) the authors introduce a methodology for construct-
ing a four-wheeled transient vehicle model by uti-

lizing the singlewheel system (SWS), and, bydoing
so, the performance of the NES on controlling the
global vehicle motions is verified, which provides
feasibility and functioning references for practical
applications.

The rest of the paper is organized as follows. Sec-
tion2 establishes a SWS, and on this basis, the mech-
anism of shimmy appearance is analyzed. In Sect. 3,
the NES structure is installed into the SWS, where the
performance, robustness, and feasibility of the NES are
presented and discussed. Section4 further incorporates
the SWS into a full vehicle to examine the suppres-
sion effect of the NES against the dynamic coupling
between wheel shimmy and handling motions. Con-
clusions are summarized in the final part.

2 Dominant factors inducing wheel shimmy

For ground vehicles, shimmy can be induced by many
factors, such as dry friction, clearance in the joint,
heavy unsprung masses, etc, but fundamentally, the
phenomenon of wheel shimmy occurs because of the
tire-ground contact and structural parameters. In this
section, the dominant factors contributing to typi-
cal wheel shimmy in ground vehicles are investigated,
and an instructive single-wheel system (SWS) acquired
from a quarter-car model is established as the basis.

2.1 Dynamic modeling of SWS

Figure 1 illustrates the mechanical model of the
SWS in a locally fixed x, y, z coordinate system. Mul-
tiple geometric constraints are assumed, namely, (i) the
kingpin is fixed to the imaginary vehicle bodywith only
rotational motion allowed; (ii) the whole SWS is fol-
lowing the longitudinal speed of the vehicle u that is
considered constant. Thus, the rotational angle θ of the
wheel frame w.r.t the kingpin of the wheel frame is the
only degree of freedom of the SWS. In Fig. 1c, the free
body diagram of the SWS is presented and the corre-
sponding dynamic model can be constructed easily by
either Newtonian or Lagrangian methods. This reads

(Jw,z + mwr
2)θ̈(t) + (Cw + Jw,yγ

u

R
)θ̇(t)

+ (Kw + Kt Rrγ
2)θ(t) = −Fy (e + Rγ ) ,

(1)

where Jw,z and Jw,y are the moment of inertia of the
wheel evaluated at its center w.r.t to the axial direction
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Fig. 1 SWS schematic model in a front view; b side view; c free body diagram

Fig. 2 Kinematic constraint of tire-ground contact points

z, y, respectively, mw is the mass of the wheel, r is
the lateral distance (y-axis) between the wheel center
and the kingpin, R is the radius of the wheel, γ is the
inclination angle of the kingpin, and Kw and Cw are
the rotational stiffness and damping of the SWS w.r.t
the kingpin.

Regarding the exerted forces, Fy denotes the tire
lateral force generated from the tire-ground contact,
and e is the pneumatic trail w.r.t the contact center,
Ft,z = −KtRγ θ is the vertical deflection forces of
the tire due to the angular change of θ , and, finally, the
gyroscopic momentMgyo = −Jw,yγ u/R due to wheel
rotations is also included.

As seen in Fig. 1, the crucial part of the system lies
in the tire-ground contact where strong nonlinearities
are generated. To derive the law of contact motions, a

kinematic constraint is incorporated, assuming that the
tire particles are sticking to the ground without sliding.
This is reasonable for small amplitude vibrations in the
tires such as shimmy. On this basis, the stretched-string
tire model is employed to describe the high-frequency
vibrations in the tire contact (red line in Fig. 2). The
kinematic constraint is described by VP = 0, that is
ṘP = 0, where P is one of the contact points in the
stretched string. Regarding the earth-fixed coordinate
system X,Y, Z (see Fig. 2), the kinematic constraint is
derived as

ẊC+v cos θ − x θ̇ sin θ− d

dt
q sin θ − q θ̇ cos θ = 0 ,

ẎC+v sin θ + x θ̇ cos θ− d

dt
q cos θ − q θ̇ sin θ = 0 ,

(2)

where q = q(x, t) is the lateral deflection of the tire
string, and v = v(x, t) is the translational speed of
material point following ẋ = v(x, t).

Simplification of (2) gives the partial differential
equation (PDE):

q̇(x, t) = ẊC sin θ−ẎC cos θ−x θ̇−q ′(x, t)v(x, t) ,

v(x, t) = −ẊC cos θ − ẎC sin θ − q(x, t)θ̇ ,
(3)

where q ′ indicates the derivative with respect to x . For
the stretched-string tire model, at the leading point of
contact (‘L’ in Fig. 2), the boundary condition assumes
(see [6])

q ′(a, t) = −q(a, t)

σ
, α(t) = q ′(a, t) , (4)
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where σ is the relaxation length, and substitution of (4)
into (3) gives the kinematic relations in the form of

α̇ = − ẊC

σ
θ + ẎC

σ
+ a

σ
θ̇ − ẊC

σ
α , (5)

while neglecting all the high-order terms, and in the
case of the SWS where ẊC = u, ẎC = 0, it equals to

α̇ + u

σ
α = − u

σ
θ + a

σ
θ̇ . (6)

With information on the contact at the leading edge,
the Magic Formula [6] has good accuracy in approxi-
mating the total forces generated by the string (red line
in Fig. 2) that reads

Fy(α) = μFz sin
(
C (Bα − EBα + E arctan Bα)

)
,

(7)

where μ is the frictional coefficient, Fz is the vertical
load, and B,C, E (given in Table 1) have no direct rela-
tion to physical properties. Their definition is provided
in [6].

2.2 Stability analysis

Normalization of the SWS dynamics in Eqs. (1) and (6)
is conducted to obtain the dimensionless parameters, as
follows:

d2θ

dt2
+ (ζ + ζ1u)

dθ

dt
+ ω2

nθ = −ω2
nυα ,

σ
dα

dt
+ uα = a

dθ

dt
− uθ ,

(8)

where

Jw = Jw,z + mwr
2, ζ = Cw/Jw, ζ1 = Jw,yγ /JwR,

ωn =
√(

Kw + Kt Rrγ 2
)
/Jw, υ = Kye/

(
Jwω2

n

)
,
(9)

Note that Ky is the tire linear cornering stiffness
acquired by multiplying μFz BC .

Linear stability analysis for the trivial solution of Eq.
(8) can be carried out by substituting the trial solution
x = Ceλt , x = [θ, α]T that gives the characteristic
function

D(λ) : λ3 + a2λ
2 + a1λ + a0 = 0 , (10)

where

a0 = 1

σ

(
ωn

2u + ωn
2uυ

)
, a2 =

( u

σ
+ ζ + uζ1

)
,

a1 = 1

σ

(
uζ + ωn

2σ + u2ζ1 − aωn
2υ

)
.

(11)

The stability boundary are marked by eigenvalues
crossing the imaginary axis to the positive side of the
real axis. Accordingly, to find the stability limits, the
boundary condition λ = iω is substituted into (10), and
by splitting the results into the real part and imaginary
part, the following equations are derived:

Re: − a3ω
2 + a1 = 0 ,

Im: − ω3 + a2ω = 0 .
(12)

When ω = 0, the static boundary is

ωn
2u(1 + υ) = 0 , (13)

meaning one real eigenvalue crosses the imaginary axis
with no imaginary part. Such static loss of stability is
related to a negative tire stiffness, which has obviously
limited relevance in practice.

A more important case is when ω �= 0, and the
stability loss is related toHopf bifurcations. This occurs
for the values of speed u and damping ζ :

u(ω) = ωσ

√

(ω)

σ�(ω)
,

ζ(ω) = 1

ω

√

(ω)

σ�(ω)
|�(ω) − ω2σζ1|,

(14)

where


(ω) = ω2σ − (aυ − σ) ωn
2 ,

�(ω) =
(
ωn

2υ − ω2 + ωn
2
)

.
(15)

Equation (14) provides real values only if 
(ω) ·
�(ω) > 0. Considering Eq. (15), this is possible only
when

ωn
2
(
1 − a

σ
υ
)

< ω2 < ωn
2(υ + 1). (16)

Referring to the parameter values in Table 1, oscillation
frequency varies in the interval 5.9 ∼ 6.2 Hz.

By exploiting Eqs. (10)–(14), the stability charts in
the plane of systemparameters are constructed inFig. 3,
where the shaded area ‘S’ denotes the stable regions
and ‘US’ indicates the unstable ones, with Hopf bifur-
cations occurring on the boundaries. Factors inducing
shimmy can be generalized as:

(1) longitudinal speed u has strong determinacy that
restricts the existence of instability inside certain
speed ranges as illustrated in each Fig. 3a, c.

(2) the rotational stiffness and damping of SWS can
enlarge or shrink the instability ranges. This obser-
vation is consistent with previous results in the lit-
erature and common practices, where up-tuning of
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Fig. 3 Stability chart of the SWS at different parametric combinations, where ‘US’ denotes unstable parametric domains and ‘S’
indicates the stable ones. % indicates a percentage from parameters in Table 1

these two values is the advisable solution to avoid
shimmy (e.g., steering damper in motorcycles and
vehicles).

(3) one commonly neglected factor is the tire relaxation
length σ that produce a non-negligible effect on the
stability boundary. Its effect on unstable speed and
stiffness ranges is shown in Fig. 3a.

2.3 Post-bifurcation behavior

Bifurcation diagrams of the SWS’s dynamics are
obtained through direct numerical simulations. They
provide a reference against which the performance of
the NES will be evaluated. In Fig. 4, the oscillation
amplitude Aθ is represented for variations of the speed
u and the relaxation length σ , where the damping ζ and
stiffness ratio ωn are encountered as the third factors.

In the nominal system parameters given in Table 1,
the unstable region of the trivial solution is marked by
the Hopf bifurcations at u = 14m/s and u = 33m/s,
in accordance with the results of the stability chart in
Fig. 3c. The effect of variations of the stiffness ratio
ωn and damping ratio ζ from their nominal values is
provided by the colored lines.

3 Dynamic behavior of a SWS with an attached
NES

In this section, the effectiveness of an NES for sup-
pressing and mitigating shimmy oscillations of the
SWS is evaluated. The linear stability and nonlinear
dynamic behavior are investigated and NES perfor-
mance is assessed with respect to the SWS studied in
the previous section.

3.1 Stability analysis

The qualitative design for theNES,which encompasses
a linear damper and a purely cubic spring, is depicted
in Fig. 5. The whole structure is installed in the wheel
frame, together with the ball joint to the steering and
the pivots of the suspensions. Such installation carries
no effect on either the balance of wheel rotations or the
performance of the suspension.

The introduction of the NES brings an additional
degree of freedom,marked by theNES lateral displace-
ment y(t). The coupling between theNES and the SWS
is provided by elastic and damping terms proportional
to their relative displacement and velocity. The equa-
tions of motion are

ms ÿ(t) = −CNES
(
ẏ(t) − l θ̇ (t)

)

− KNES

(
y(t) − lθ(t)

)3
,

Jwθ̈(t) = −(Cw + Jw,yγ
u

R
)θ̇(t)

− (Kw + Kt Rrγ
2)θ(t)

− Fy(e + Rγ ) − FNESl ,

(17)

where l is the control arm length, and the feedback
force FNES is

FNES = CNES
(
ẏ(t) − l θ̇ (t)

)

+KNES

(
y(t) − lθ(t)

)3
. (18)

Equations (17) and (6) function as the basis for numer-
ical simulations.
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Fig. 4 Bifucation amplitude of the SWS at a different longitudinal speed u and stiffness ωn and b different relaxation length a and
damping ratio ζ , respectively, where panel c represents the phase plane corresponding to the limit cycle oscillation (solid line)

Fig. 5 Mechanical model of the NES installation in the SWS

Fig. 6 Stability chart of the SWSwith NES installed at different
parameter configurations

Similarly to the case of only the SWS, normalization
is conducted, providing

d2θ

dt2
+ (ζ + ζ1u)

dθ

dt
+ ω2

nθ =

− ω2
nυα + ηζs

(
dθ

dt
− 1

l

dy

dt

)
+ ηω2

s

(
θ − y

l

)3

d2y

dt2
+ ζs

(
dy

dt
− l

dθ

dt

)
+ ωs (y − lθ)3 = 0

(19)

where

η = msl
2/Jw, ζs = CNES/ms, ωs = √

KNES/ms .

(20)

Following the procedure utilized for the SWS, the sta-
bility is analyzed through the characteristic function,
which reads

Ds(λ) : λ
(
λ4 + a3λ

3 + a2λ
2 + a1λ + a0

)
= 0 ,

(21)

where

a3 =
( u

σ
+ ζs + ζ + ηζs + uζ1

)
,

a2 = 1

σ

(
uζs + uζ + ωn

2σ + u2ζ1 − aωn
2υ

+ησζs
2 + ηuζs + σζsζ + σuζ1ζs

)
,

a1 = 1

σ

(
ωn

2u − ησζs
2 + ηuζs

2 + ωn
2uυ

+ωn
2σζs + u2ζ1ζs + uζsζ − aωn

2υζs

)
,

a0 = 1

σ

(
ωn

2uζs − ηuζs
2 + ωn

2uυζs

)
,

(22)

Note that since the system has no linear stiffness, a
central manifold λ = 0 exists in the dimension of the
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Fig. 7 Bifurcation characteristics of the SWS with NES installed. a bifurcation diagram using shimmy angular amplitude; b1–b3
time-domain histories of shimmy angular responses and NES displacements in three cases, respectively

NES displacement, which is not stable in the linearized
sense, but stable in the global sense. Methods like the
Routh-Hurwitz criterion or eigenvalue calculation can
be implemented here to derive the boundary of stability,
and here for simplicity, the analytical result is derived
by the symbolic calculation in Mathematica and is not
listed.

Figure 6 plots the resulting stability chart of the orig-
inal SWS and the one with NES. Before the analysis,
several parameters of NES have to be clarified. The
length of the NES arm is geometrically constrained
within the wheel hub, which reasonably follows l ≤
0.3m in our case. As a general rule, the larger the NES
mass, the better its performance is; however, practical
considerations usually limit its value. In this case, the
maximal NES mass is set to 1kg. Conversely, the total
unsprung mass mw of the wheel is relatively heavy for
an I-W-M driven vehicle and it is set to 30kg. All these
practical constraints significantly limit the value of the
moment of inertia ratio η, which is proportional to the
coupling force between the NES and the wheel.

With NES parameters selected in the above range,
variation of the corresponding stability chart of the sys-
tem is presented in the red shadowed region of Fig. 6,
in which the tuning of the damping coefficient has lit-
tle effect on the linear stability of the system compared
with original SWS.While if the constraint on the length
of the NES arm is neglected by further increasing l,
Fig. 6 indicates that the stability boundary is modified
in a much extensive range. The limited effectiveness

of the NES for enlarging the stable region is due to
its lack of a linear restoring force term, which signif-
icantly restricts its significance for linear stability, as
previously illustrated in [42], for example. This out-
come is consistent with results obtained in [37] for the
suppression of flutter instabilities.

The authors note that a classical linear DVA would
significantly outperform the NES in terms of linear sta-
bility, as illustrated for example in [44]. Nevertheless,
the DVA has strict tuning requirements and has a lim-
ited effect on vibration amplitude when instabilities are
triggered. In any case, a detailed comparison between
the DVA and NES performance for shimmy suppres-
sion is beyond the scope of this paper.

3.2 NES performance in the nonlinear regime

To check the performance of the NES in the shimmy
suppression and passive energy transfer, the nonlinear
analysis focusing on the bifurcations, vibration ampli-
tude, and dynamical behavior is conducted through
numerical simulations and calculations.

3.2.1 Preliminary procedure to locate the effective
parameter domain of NES

The initial setup of NES parameters is always challeng-
ing for designers since several modifiable parameters
of NES are not constrained, andmeanwhile, one should
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Fig. 8 Comparison of mechanical and dissipated energy in the SWS without and with NES installed, respectively. The calculated
energy corresponds to (a) Case I in Fig. 7(b1), and (b) Case III in Fig. 7(b3)

only focus on the effective part of the parameters of the
NES to study its consequent performance. Thus, the
authors propose a judgment criterion here for assess-
ing the performance of the NES based on the relative
energy ratio, i.e.,

ε =

n1∑

k=1
|Anes(tk)|/n1

n2∑

l=1
|Asws(tl)|/n2

, (23)

where Anes(tk) and Asws(tl) are the peaking points col-
lected from the discrete vibrational signal of θ(tm),m ∈
Z following

if |θ(tm)| > max{|θ(tm−1)|, |θ(tm+1)|},
then A...(tk) = θ(tm) ,

(24)

and n1, n2 count the overall number of amplitude A.
Physically, ε represents the energy ratio evaluated by
the size of the averaged amplitudes of oscillationswhen
the system settles to steady-state conditions.

According to this criterion, a global searching algo-
rithm based on Matlab ‘fminsearch’ function is imple-
mented to locate the parameter region with the smallest
energy ratio ε.

The optimization is performed for a fixed velocity
of u = 20m/s, fixing ms = 1 kg and l = 0.3m. It pro-
vided a minimal εmin = 0.09 for the parameter values
ωs ≈ 2.4 × 104 1/(m s) and ζs = 9 1/(m2 s). Fig-
ure 7(b1) (Case I) presents the dynamical responses
corresponding to the derived NES parameters, and, as
the signal comparison indicates, the SWS with NES
installed indeed has significantly smaller vibrations
but the oscillations are dynamically modulated: the

Fig. 9 Optimization targets visualized in the bifurcation dia-
grams: (1) reduce the Isola’s range of appearance; (2) enlarge
the domain of attraction for quasi-periodic oscillations

NES continuously absorbs the energy but also peri-
odically modulates the amplitude and frequency. The
εmin ≈ 0.09 represents an averaged amplitude ratio
in quasi-periodic oscillations. According to practices
of NES in literature, such signal modulation process
proves the effective functioning of NES.

3.2.2 Global dynamics under NES modulations

The obtained solution, although extremely promising
with respect to the NES performance, does not rule
out that other solutions, less effective, can coexist with
it. This occurrence can be verified through a global
analysis. Direct numerical calculation is carried out to
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Fig. 10 Mapping of NES stiffness and damping to the size of domian of attraction of the desired oscillations, where the absolute
amplitude As, relative distance to Isola Adis, and the range of attracted domain ABOA are incorporated into optimization

Fig. 11 Mapping of NES stiffness and damping to the range of appearance of the undesired Isola, where the lower boundary uis,min,
upper boundary uis,max, and the relative range �uis are incorporated into optimization

locate different steady-state oscillations of the system
under different initial conditions.

Figure 7a plots the bifurcation diagram of the SWS
both with and without NES. The bifurcation parameter
in the x-axis is the speed u, while the y-axis indicates
the steady-state shimmy amplitude Aθ . The black solid
line refers to the calculated stableLCO(s)with theNES,
where the upper one shows a single-period LCO oscil-
lation, while the lower lines denote the quasi-periodic
oscillations. Compared with the bifurcation amplitude
of the SWS without NES (blue solid line), the lower
quasi-periodic oscillations are the desired vibrational
responses that are also demonstrated by the energy ratio
ε ≈ 0.09. Conversely, the upper LCO has generally lit-
tle difference from the system without NES, indicating
the ineffectiveness of NES in this regime. The fact that
two stable solutions coexist, one effective and the other
ineffectivewith respect to theNESperformance,makes
it important to evaluate their dynamical integrity and

basin of attraction to correctly assess the effectiveness
of the NES.

Figure 7 illustrates the time series of three differ-
ent identified motions. Figure 7b1 refers to the mod-
ulated response, discussed above (Case I). Figure 7b2
depicts the time series of a poorly performing case,with
large shimmy oscillations (Case II). Finally, Fig. 7b3
shows another priodic motion, also with excellent per-
formance, obtained for a different value of the speed u
(Case III). Different initial conditions lead the system
to one of these cases. Note that Case III does not coexist
with Case I, but only with Case II.

The mechanical and dissipated energy of the SWS
is plotted in Fig. 8 where systems with and without
NES are compared under the same instantaneous input
energy, respectively. In both cases, NES is function-
ing well which reduces the total energy to an approx-
imated 10% level. To compare, in the early responses
of Case I in Fig. 8a, the SWS with NES shows smaller
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energy fluctuations and at a certain stage, NES cut off
the rising tendency of total energy in the SWS, where
the system enters steady-state conditions. Case III in
panel (b) presents similar early-stage phenomenons,
while the suppressing process is smoother than Case I,
and exhibits only single-period energy fluctuations in
steady-states.

3.2.3 Analysis of the unstable solution

The dynamical integrity of the highly-performing solu-
tions (Case I and III) can be estimated through their
basins of attraction; however, entirely obtaining them
is computationally expensive. So, only a 1-D section
of the basin of attraction is computed, limited to the
variable θ , and the whole range of speed u is consid-
ered within the calculation. This approach provides a
reasonable estimation of the dynamical integrity at a
limited computational cost, although with some uncer-
tainty.

The boundary of the basins of attraction of the low
and high amplitude solutions along θ is computed
through a bisection method in the following steps:

(S-1) set initial condition θu(0) = Aub from large sta-
ble LCO and θl(0) = Alb from quasi-periodic
oscillation;

(S-2) calculate the steady-state vibration Aavg at initial
condition θl(0) = (Aub + Alb)/2, and identify
the one with different amplitude to Aavg;

(S-3) update Aub and Alb using the identified one and
Aavg based on their values. Then, repeat the pro-
cess until reaching the desired accuracy.

Through this procedure, a point of the boundary of the
basins of attraction of the two solutions for each speed
u value was located, as illustrated in Fig. 7a (red dotted
line). The procedure does not guarantee that the identi-
fied point is the closest boundary to the small amplitude
solution in the θ direction; however, the obtained curve
suggests that the identified value and its distance from
the stable solutions are strictly related to their dynam-
ical integrity. The red line, together with the branch
of high-amplitude periodic solutions, forms an isola of
LCOs.

In view of the observed global dynamics, the lower
quasi-periodic solution is the desired one, thus, it is
important to optimize the system dynamics also with
respect to the branch of isolated solutions (Isola) and

Fig. 12 Parametric robustness of the NESw.r.t a linear damping
and b linear stiffness uncertainties appearing in practice

offers maximal robustness against external excitations
(dynamical integrity) of the lower stable solution.

3.3 Optimization with respect to global dynamics

To improve the robustness and functional range of
the NES system, another optimization is performed
concerning the identified system’s global dynamics.
The main objective of the optimization is to find
the absorber parameters which minimize the shimmy
amplitude, reduce the velocity range where the isola
exists, and maximize the robustness of the low-
amplitude solution. Figure 9 labels the optimization
targets explained as follows: �uis measures the speed
range of the existing Isola, and uis,min, uis,max are
the corresponding minimum and maximum boundary
value of speed; ABOA assesses the estimated domain of
attraction of the desired vibrations, while AS evaluates
the performance of the NES in energy absorption and
Adis denotes the distance to the boundary of basin of
attraction.

The optimization is performed based on the pro-
posed method in analyzing the global dynamics at var-
ious speeds in Fig. 7. For the robustness optimization,
the speed is kept at u = 20m/s, and by sweeping the
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whole possible domain ofωs and ζs , the optimal param-
eter configurations in the plane of ωs and ζs can be
identified.

The optimization results are presented in Figs. 10
and 11. Interestingly, six panels with different opti-
mization quantities nearly show the same optimal
value for the nonlinear stiffness that is ω2

s ≈ 556 ×
106 1/(m s)2, even in Fig. 11a, a little shift carried
bare difference in the resulting performance. In case
of linear damping ratio ζs , consistency only holds for
optimization in the same groups, where Fig. 10 cal-
culates the optimal value at ζs = 3.9 1/(m2 s), while
Fig. 11 provides the optimal with ζs = 12.0 1/(m2 s).
Further observation of the corresponding effect of two
optimal values in the counter groups indicates that a
trade-off between the domain of attraction of quasi-
periodic oscillation and the size of the Isola has to be
determined, which also imposes limitations on theNES
performance in designing.

3.4 Parametric robustness for NES performance

Referring to real-world applications, mechanical sys-
tems always have part of linear stiffness/damping that
cannot be eliminated and such a condition is also
unavoidable in theNES installation. It remains a crucial
question about the functioning and tolerance range of
NESagainst different types of parametric uncertainties.
Thus, in this section, the effect of non-zero linear stiff-
ness (denoted as δks) and tolerance range of damping
uncertainties (denoted as δζs) on the prescribed perfor-
mance of the proposed NES structure is investigated.
Consequently, the feedback and transferringNES force
is modified as

F̃NES = FNES + msδksey + msδζs ėy , (25)

where ey = y − lθ .
Figure 12 presents the calculated results evaluated

by the index of energy ratio ε in (23). In panel (a), at
the range of δks < 103 1/s2, the corresponding energy
ratio stays steady, and further increase of δks even sup-
press the shimmy amplitude evenmore.When a critical
boundary δks < 1.75× 103 1/s2 is breached (red dot-
ted line), NES suddenly loses all the designed perfor-
mance and becomes ineffective due to the merging of
the Isola and the stable lower amplitude solution leav-
ing only the upper LCO. However, this critical value is
relatively largemeaning the designedNES is functional
even with assembly errors in stiffness.

Fig. 13 Integration of the SWS with NES into the dynamic
model of the full vehicle

Panel (b) plots the resulting performance of NES
w.r.t the uncertainties in the damping coefficients,
where δζs is set to be varying between−5 to 5 1/(m2 s).
Accordingly, the energy suppression keeps steady vari-
ations between (−3.7, 5), while in the case of greatly
decreased δζs crossing the critical boundary, total loss
of performance is observed. Nevertheless, this range
is also satisfactory since the original damping coeffi-
cient is ζs = 9 1/(m2 s), thus almost 40%of parametric
robustness is guaranteed.

4 Application and effectiveness of NES in
four-wheeled vehicle systems

In ground vehicles with more than one wheel, the phe-
nomenon of shimmy is also strongly related to the
dynamic couplings between the steering shimmy and
the kinematic motions of the vehicles itself. Such cou-
pling could be further enlarged with the incorporation
of the I-W-Mand independent steering. However,mod-
eling the global dynamics of the vehicle that includes
the steering wheel shimmy is always highly complex
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Fig. 14 Bifurcation characteristics of FVM with NES. a–c
Bifurcation diagram of front wheel shimmy angle, lateral speed,
and yaw rate of the vehicle body; d, e time history, power spec-

trum, Poincare mapping, and phase planes of FVM without and
with NES installed, respectively

Fig. 15 Times history comparison in the status of a–c wheel shimmy and d, e lateral handling motions of FVMwith and without NES
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as shown in [48,49], due to many contributing degrees
of freedom. In this section, a simple but instructive
approach to model the full vehicle dynamics coupled
with shimmy in direct integration of the SWS is pro-
vided. By doing so, the analysis of NES performance
on vehicle motion can be quickly investigated.

4.1 Incorporating SWS into four-wheeled vehicles

Figure 13 sketches the full vehicle model (FVM) with
NES equipped, where the coordinate is defined con-
sistently as in Fig. 1. The longitudinal speed of the
vehicle is assumed to be constant, i.e., vx ≡ u. Kine-
matically, the interacted link between the bodymotions
and shimmy motions is the velocity in the contact cen-
ter of the wheels, which is described by Ẋi , Ẏi , i ∈
{FL,FR,RL,RR} for each wheel in Fig. 13. These
velocities can be easily acquired through kinematic
relations that read

ẊFL = ẊFR = vx − dTωz ,

ẊRL = ẊRR = vx + dTωz ,

ẎFL = ẎFR ≈ vy + lfωz ,

ẎRL = ẎRR ≈ vy − lrωz ,

(26)

where lf , lr are the distance from the center of gravity to
front and rear axles, respectively, dT is half-trackwidth.
With a generalized form of tire constraint equation in
(5), equations for the transiency of each tire can be
derived by substituting (26) into (5):

α̇f + u

σ
αf = + 1

σ
vy + lf

σ
ωz − u

σ
θf + a

σ
θ̇f ,

α̇r + u

σ
αr = 1

σ
vy − lr

σ
ωz − u

σ
θr + a

σ
θ̇r ,

(27)

where due to indifference between the left and right side
wheel, αf , θf and αr, θf with f = FL,FR, r = RL,RR
are employed to describe the tire sideslip angle and
shimmy angle in the front and rear axle, respectively.

On the basis of the planar assumption, the equations
of motions for the FVM with the NES are listed:

v̇y = 1

mv

(∑
Fy,i

)
− vxωz ,

ω̇z = 1

Jv

((
Fy,FL + Fy,FR

)
lf − (

Fy,RL + Fy,RR
)
lr
)

,

(28)

wheremv, Iv are the totalmass and inertia of the vehicle
given in Table 1, respectively, and Fy,i denotes the tire

Table 1 Parameter values of SWS (upper) and FVM (lower)

mw = 30 kg Jw,z = 6 kgm2 Jw,y = 1.5 kgm2

Cw = 36N s/m Kw = 8820Nm Kt = 40, 000Nm

σ = 0.6m a = 0.2m e = 0.1m

γ = 0.04 rad R = 0.36m r = 0.06m

mv = 1230 kg Jv = 2150 kgm2 lf,r = 1.3 , 1.5m

B = 13 C = 1.2 E = −1

lateral forces calculated by substituting the following
αi into (7). The parametric data of the vehicle in Table
1 is collected from a B-class full-by-wire test vehicle
with independent steering subsystems.

The associated kinematics for calculating the abso-
lute position of the vehicles read

Ẋ = vx cosψ − vy sinψ,

Ẏ = vx sinψ + vy cosψ ,

ψ̇ = ωz ,

(29)

where X,Y denote the positions in the absolute coor-
dinate, and ψ gives the heading angle.

Combining equations (27), (28), and (29) with four
SWS models for each wheel as listed in (1), the global
dynamic model of the FVM can be derived. In this
paper, the authors consider all four wheels to be inde-
pendently steerable, thus all four subsystems of wheels
are modeled. The parameters of this FVM are given in
Table 1.

4.2 Effect of NES on improving handling stability

Based on the proposed FVM, the authors analyze the
NESeffect bothon the stability of shimmyandhandling
motions, and the results are presented in Figs. 14 and
15.

Panel (a-c) in Fig. 14 demonstrates that without
NES, wheel shimmy appears accompanied by peri-
odic oscillations in the lateral speed and yaw rate of
the vehicle body, due to the kinematic couplings in the
tire transiency. This consequently leads to an unstable
lane-keeping behavior as shown in the time histories of
absolute positions of the vehicle in Fig. 15f, which is
clearly undesirable even at a small amplitude.

The incorporation of the NES shows a promising
result for the FVM system, where both the dynamic
and kinematics state oscillation amplitudes are signif-
icantly mitigated (see black solid line in Figs. 14a–c
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and 15). The characteristics of the dynamic responses
of the FVM follow Case III in Fig. 7 with no modula-
tion processes but only one stable LCO, which demon-
strates the NES installation in the FVMhas reduced the
quasi-periodic oscillation into a single-periodic one.

Even though the vibration amplitude of the LCOs is
extremely close to 0, linear stability is barely changed
with NES installed, which can be observed by com-
paring the intersected points of two curves with hori-
zontal axis in the enlarged panel of Fig. 14a. This can
be further verified by comparing panels (d) and (c) in
Fig. 14, where similarly shaped LCOs appear at the
same oscillation frequency. Meanwhile, the indepen-
dent Isola still exists above the stable LCO restricting
the robustness of the NES with respect to state pertur-
bations. Such limitations also hold for state variables of
vehicle motions where the unsafe regions (red marked)
indicate the critical boundary.

Checking the time histories of NES vibrations, it can
be found that theNES installed in the front wheels has a
larger amplitude of vibrations than the NES in the rear
wheels, and conversely, in cases without NES, the rear
wheel exhibits a larger shimmy angle. This is traced
to the difference in the front and rear tire formulas as
in (26) and also, to the steering characteristics of the
vehicle determined by the ratio of lf to lr.

5 Conclusion

In this paper, the application of NES to suppress
shimmy instability of vehicle motions is investigated,
where the results in aspects of bifurcation, energy
absorption, and robustness demonstrate that the instal-
lation of NES has great potential in improving the
motion stability for advanced vehicle chassis design.
The main conclusions are listed:

(I) The proposed SWS model from a quarter vehi-
cle shows eminent effectiveness in analyzing
the wheel shimmy phenomenon. Utilization of
the SWS straightforwardly exposes the dominant
factors inducing shi-mmy from delay effects in
tire side-slip to the structural parameter designs.

(II) Installation of NES has little influence on the
linear stability of SWS, unless with an unrealis-
tic setup of parameters. However, NES achieves
promising performances in the nonlinear range
by suppressing and reducing oscillation ampli-
tude up to 90%.

(III) In conditions of large state perturbation, intricacy
is exhibited in the bifurcation diagram notifying
the existence of extra stable and unstable LCOs,
togetherwith lowamplitude quasi-periodic oscil-
lations. Such Isola constituted of LCOs greatly
restrict the functional range of NES by shrinking
the desired domain of attraction.

(IV) Optimization of NES parameters for perfor-
mance presents consistency in the nonlinear stiff-
ness setup, while a trade-off persists for damp-
ing value tuning. However, theNES performance
is quite robust to uncertainties/errors in the lin-
ear part of damping and stiffness, providing good
feasibility for practical applications.

(V) Integration of the SWS into the FVM shows
that the NES effectively suppresses shimmy for
all four wheels, and simultaneously enhances
motion stability of the vehicle body in both
dynamical and kinematical senses, which pro-
vides a novel solution for passive stability control
in advanced chassis design.

Future developments of this work should focus on
the elimination of the Isola. For this purpose, the
employment of piecewise quadratic damping might be
effective, as proposed in [50]. The elimination of the
Isola would significantly improve the performance and
reliability of the NES for wheel shimmy suppression.
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